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Uniform congruence counting for
Schottky semigroups in SL,(Z)

By Michael Magee at New Haven, Hee Oh at New Haven and Dale Winter at Princeton

With an appendix by Jean Bourgain at Princeton, Alex Kontorovich at New Brunswick
and Michael Magee at New Haven

Abstract. Let I" be a Schottky semigroup in SL>(Z), and for g € N, let

['(q):={y el :y=-e(modq)}

be its congruence subsemigroup of level g. Let § denote the Hausdorff dimension of the limit
set of I'. We prove the following uniform congruence counting theorem with respect to the
family of Euclidean norm balls Bg in M»(R) of radius R: for all positive integer ¢ with no
small prime factors,

28
" H#(SL2(Z/q2))

as R — oo for some cr > 0,C > 0,¢ > 0 which are independent of ¢. Our technique also
applies to give a similar counting result for the continued fractions semigroup of SL;(Z), which
arises in the study of Zaremba’s conjecture on continued fractions.

#(T'(q) N Br) = ¢ + 0(¢€ R¥7)

1. Introduction

Let SL,(R) act on R U {oo} by Mobius transformations. We say that the collection of ele-
ments g1, ..., gk € SL2(R), k > 2, is a Schottky generating set if there exist mutually disjoint
compactintervals Iy, ..., I, J1, ..., Ji in R such that g; maps the exterior of J; onto the inter-
ior of I; for each 1 <i < k. We call a semigroup I' C SL(R) Schottky if it is generated by
some Schottky generating set as a semigroup. By the ping-pong argument, Schottky semigroups
are necessarily discrete and free. Schottky semigroups are ubiquitous in SL;(R); for instance,
for any hyperbolic elements /1, h, € SL,(R) with no common fixed points on R U {co}, the

pair 47", h7! forms a Schottky generating set for all sufficiently large m.
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When I' is a semigroup in SL>(Z) and ¢ € N, the congruence subsemigroup of I of
level g is defined by
I'(g):={y €l :y =emodg}.

The main aim of this paper is to study a congruence lattice point counting problem
for I'(¢) in a Schottky semigroup I' C SL,(Z) with a uniform power-savings error term. For
R > 0, consider the ball of radius R with respect to the Frobenius norm:

b
Br = {(a d) € SL>(R) : Va2 + b2 +¢2+d2 < R}.
C

The following is a simplified version of our main theorem (see Theorem 11 for a more refined
version):

Theorem 1. If T is a Schottky semigroup of SLo (Z.), there exist Qg € N, cr > 0, C > 0
and € > 0 such that for all ¢ € N with (Qo,q) = 1,

26
r—————
#SL2(Z/qZ)
where § > 0 is the Hausdorff dimension of the limit set of T.

# ()N Br =c¢ + O(qCRZ‘g_E),

The limit set of T" is the set of all accumulation points of an orbit .0 in R U {co}.

Remark. (1) When I' is a Schottky subgroup of SL(Z), the analogous result to
Theorem 1 was proved by Gamburd [9] for § > 5/6, by Bourgain—-Gamburd—Sarnak [4] for
8 > 1/2 and by Oh—Winter [15] for any § > 0. The last two results are restricted to the moduli
condition of ¢ square-free. The counting result of Oh—Winter is deduced from [13] based on
the uniform exponential mixing of the geodesic flow for the congruence covers of a Schottky
surface, and hence does not apply to the semigroup counting.

(2) So the novelty of Theorem 1 lies in the treatment of a Schottky semigroup and the
uniformity of the power-savings error term for a/l moduli ¢ (with no small prime factors).
The extension to the arbitrary moduli ¢ case relies on the new technology that appears in the
Appendix by Bourgain, Kontorovich and Magee.

(3) We also remark that for fixed g, Theorem 1 follows from the work of Naud [14] in
this generality. We refer to [4] for more backgrounds on earlier related works.

Our methods also apply to a congruence family of semigroups related to continued frac-
tions and Diophantine approximation. Let 4 be a finite set of at least two positive integers.
Define §4 to be the subsemigroup of GL;(Z) generated by

0 1
ga::( ), a e h.
1 a

We define the continued fractions semigroup T 4 as follows:
Ly =84 NSLa(Z),

in other words, T4 is a semigroup generated by {g,g4’ : a,a’ € A}. The continued fractions
semigroup I' 4 is not a Schottky semigroup; however the methods of proof of Theorem 1 apply
as well.



Magee, Oh and Winter, Uniform congruence counting for Schottky semigroups in SL2(Z) 91

Theorem 2. Theorem 1 also holds for the continued fractions semigroup T 4.

In order to explain the relation of I" 4 with continued fractions, we set

lai,...,a;,...]:=

for any sequence of a; € N.
Write

R4 :={la1,...,ar]: k €N, a; € Aforalli}

for the set of approximants to € 4, and © 4 for the set of denominators of reduced elements
of N 4, that is,

b
Dy = {d : 7 € N4 for some b coprime to d}.

For an integer A € N, we write Dq] = Dy12,... . 4}- In [19], Zaremba made the following
conjecture, motivated by applications to numerical analysis.

Conjecture 3 (Zaremba). There is some absolute A € N such that ©[4) = N.

Observe that

S

E:[al"””ak]

(a)Ca)-(a)-(0)

This yields the relation

if and only if

Da = {y0. D", (0.1)) 1y € Gu}

where (-,-) denotes the standard inner product on R2, thus enters the semigroup §4 in the
study of continued fractions.

Bourgain and Kontorovich [5, Theorem 1.2] proved that Zaremba’s conjecture is true
after replacing N by a density one subset. That is, there is some A such that

(1.1) #DN{1,....,N} = N + o(N).

Furthermore, they showed that the o(/N) term can be taken to be O(N 1=c/loglog N'y foor
suitable ¢ > 0 (this relies on the Appendix) and A = 50 will suffice. The size of A has since
been improved to A = 5 by Huang [10], following previous innovations by Frolenkov and
Kan [8] on the necessary § 4.
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Theorem 2 provides the precise missing ingredient in Bourgain and Kontorovich’s
work [5], to replacing the o(/N) bound for the size of the exceptional set in (1.1) with a power
savings error O(N'7€). Indeed, combining Bourgain and Kontorovich’s method from [5],
Huang’s refinement, and with the counting estimate of Theorem 2 and its technical form
Theorem 11 in place of [5, Theorem 8.1], one can derive the following improvement of (1.1):
for A = {1,2,3,4,5} and for some € > 0,

(1.2) #D4N{l,.... N} =N+ O(N'™9).

The key point is that the uniform lattice point count enables us to replace the parameter
Q = N@o/loglogN iy [5] and [10] with a power of N.

We remark that a short alternative argument for (1.2) was recently proposed by Bourgain
in [2]. His argument deviates from the approach of [5] and hence does not require orbital
counting estimates.

We draw the reader’s attention to the survey article [3] where other applications to contin-
ued fractions are discussed. The reader can also see the survey of Kontorovich [11] that situates
Zaremba’s conjecture amongst other problems in the ‘thin (semi)groups’ setting.

Overview of the proofs of Theorems 1 and 2. The basic strategy is to regard our
Schottky semigroup setup as an expanding map and to apply transfer operator techniques. Nec-
essary spectral bounds are then deduced by synthesizing work of Bourgain—Varjui, Bourgain—
Gamburd-Sarnak, Dolgopyat, and Naud. For now we focus on the arguments for Theorem 1;
those for Theorem 2 are similar.

We consider themap 7" : [ := Uf-czl I; — R defined by

T\,=(gi)~"

and the distortion function t : I — R given by 7(x) = log |T’(x)|, which is eventually positive
in our setting. The transfer operator £ is defined for all s € C by

(X)) = Y e f(y)
Ty=x

as a bounded linear operator on C ! (7). Lalley’s renewal equation [12] provides a link between
the counting problem for I" and spectral bounds for £. Such spectral bounds were obtained by
Naud [14], who provided a C '-operator norm estimate on £ valid on a strip |R(s) — §| < €
and so deduced? the case ¢ = 1 of Theorem 1.

To provide a counting result that is uniformly accurate over congruence semigroups we
must actually deal with the congruence transfer operators. More precisely, let

cq 1 = SLx(Z/qZ)
be the cocycle given by
¢qlr; = gi mod g,

and define the congruence transfer operator

LoqlF1x) = Y e eg(y).F(y)

Ty=x

1) Naud uses Ruelle zeta function techniques as in [17], in contrast to our use of the renewal equation.
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on the space of Clv-valued functions for I'y := SL2(Z/gZ). The composition c4(y).F(y) is
the result of applying ¢, (y) € I'y to the vector F'(y) € CT% by the right regular representation
of I'y. It is also useful throughout the paper to think of F' as a function on / x Cla. We fix
the standard Hermitian form on C'¢ that comes from the identification of Iy with the standard
basis of C}; and defining (g1, g2) = 8¢, .¢,- The space C'¢ © 1 is defined to be the space of
functions that are orthogonal to constants with respect to the fixed Hermitian form. The vector
space C'v © 1 inherits a Hermitian form from that of C. It is with respect to this form that
we define the Banach spaces C1(7; Cv © 1) that play a central role in this paper.
The following is the main technical result:

Theorem 4 (Bounds for congruence transfer operators). Write s = a + ib. There is
Qo € N such that for any n > 0, there are € = €(n) >0, b9 > 0,0 < p, <1, Cp > 0,1 >0,
0 < po < land C > 0 such that the following holds for all a € Rwith |a — §| < e and b € R:

(1) When |b| < bg and f € C1(1;CF & 1),

125 fllcr = Ca€ o8 fllen

when (¢, Qo) = 1. Here CYe & 1 is the orthogonal complement to the constant functions
in the right regular representation of T'y.

(2) When |b| > by,
1L ler = Cylbl' 7o}

uniformly with respect to ¢ € N.

The transfer operators have two parameters s, the Laplace transform-dual/frequency ver-
sion of the counting parameter, and ¢, the modular parameter. Since inverting the Laplace
transform that was taken involves an infinite vertical contour, one must obtain spectral bounds
that are uniform in s with 9i(s) within some fixed small window of §. The bounds should also
be uniform with respect to the currently considered family of moduli g. These bounds rely on
two different inputs that both involve deep ideas.

To address large imaginary part of s considerations, we will use the method of Dolgopyat
from [7], and its further development by Naud from [14]. We follow Naud’s analysis from [14]
up to the point of departure from Naud’s work in Lemma 29 where we extend [14, Lemma 5.10]
to vector-valued functions. Here, an important point that prevents the cocycle ¢, from interfer-
ing with the non-stationary phase is that it is locally constant. We mention that this observation
was first due to [15] where they consider the congruence transfer operator associated to the
Markov partition given by the geodesic flow.

For bounded J(s) and varying ¢ we follow the work of Bourgain, Gamburd and Sarnak
from [4] and the work of Bourgain, Kontorovich and Magee in the Appendix, which allows us
to relate the norm || £’ ||c1 to the expander result on the Cayley graphs of the I'; with respect
to a fixed generating set of g;’s. The main reason behind our successful treatment of arbitrary
moduli g case is the work of Bourgain-Varju establishing the expander result for SL,(Z/qZ)
for arbitrary ¢, as explained in the Appendix.

Acknowledgement. We would like to thank Peter Sarnak for his encouragement and
support throughout this project. We thank Jean Bourgain, Alex Kontorovich and Curt McMullen
for helpful comments on an earlier version of this paper.
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2. Dynamics and Thermodynamics on the boundary

2.1. The dynamical system 7. We construct a dynamical system 7 : I — R on a dis-
joint union of intervals I that plays a central role in the counting estimates of our main
Theorems 1 and 2, and set up the notations and the assumptions which will be used throughout
the paper.

I: Schottky semigroup case. Let g1,...,gx (k' > 2) be the Schottky generating set
in SL,(Z). We let {f,, Jiii=1,...k } be the intervals such that g; maps the exterior of J;
onto the i{lterior of I; as in the definition of the Schottky generators. Set gg/4¢ = g[l and
Iyryp=Jgforl < L <k

For any 0 < £ < k’, let T be the semigroup generated by g1, ..., gk’ &k/41s - -» &k/+L5
we will call I" a Schottky semigroup. This is slightly more general than the definition we gave
in the Introduction, and the main reason of this extension is to include Schottky groups in
our discussion of Schottky semigroups. Note that when £ = k’, I coincides with the Schottky
subgroup generated by g1,..., gx’-

Set p = k' + £. We now defineamap B : I — R U {oo} for [ := f=1 I; by the piece-
wise Mdobius action

Blj =g .

Since g; (c0) € I;, the image of B contains co.
The cylinders of length n are by definition the sets of the form
I, n B~ (i) N -0 B~V (),
where each 1 <i; < p. Let I be the union of the cylinders of length 2 and define

T:I —-R

to be the restriction of B to /. Note that g;(co) ¢ I and hence the image of T does not
contain oo; it is for this reason that we replaced / with /. Finally, we say that a sequence
&iy» &ir» 8is» - - - Of the Schottky generators is admissible if no g;, is followed by its inverse.
This means all the words obtained by concatenating consecutive subsequences are reduced.
We now let k denote the number of cylinders of length 2.

I1: Continued fraction semigroup case. Let A be a finite subset of N with at least two

elements. For a € 4, set
[0 1
8a ‘= 1 ol

Let I be the continued fractions semigroup I' 4 generated by g, g4/, a,a’ € A. Sincea,a’ > 1,
it follows that the trace of any element of I is strictly bigger than 2 and hence every element
of T is hyperbolic.

Note that the g, acts as Mobius transformations on R U {oco} by

1
z4+a’

ga(z) =

Let A denote the largest member of 4 and consider the interval /4 := [AL_H, 1].
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Fora € A, let I, := g414, which can be computed to be

I = 1 1 c 1 1
“Tla+1a+ A+ 1)1 a+1al
The [, are clearly disjoint as A > 1. It follows that the g, generate a free semigroup by the
ping-pong argument. We also record for later use that the derivative of the Mobius action has

I A T A R R L

for all z € I4. We now set
loa = 8a8a’la C Ia

obtaining a disjoint collection of #42 number of closed intervals. Rename these intervals 7, 4/
and corresponding elements g, g/, as I;’s and g;’s, respectively.
Define
T:1 >R, Tl,=(g)""
Note that g484'1 C 14,4, in other words, g;I C I; for each 1 <i < #AZ. Again, we let

k = ##4? denote the number of intervals obtained.

Set-up. In the rest of this paper, let I be a Schottky semigroup or the continued frac-
tions semigroup, with the associated locally analytic map

T:1=[]JI >R givenby T|;, =g

1

constructed above.
It follows easily from the construction that we have the

Markov property. If 7(/;) N I; # 0,then T'(1;) D I;.

Proposition 5. The map T is eventually expanding, that is, there are D > 0, y > 1 such
that for all N > 1 and x € T-NT1(I),

TV ()| = D7y ¥,
wherever the derivative exists® in T~Nt1(I).

Proof. For the Schottky semigroup case, this can be proved exactly as in the proof
of [1, Proposition 15.4]. For the continued fraction case it follows from (2.1) and the chain
rule that forany z € I,

IT') > (1 +1+A4)"H*>1

and hence the claim follows. O

2) The derivative may have poles.
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We also must introduce the following distortion function on I .

Definition 6 (Distortion function). The distortion function 7 : / — R is defined by

T(x) = log |T'(x)].

This definition is very natural for our purposes. For certain technical calculations, how-
ever, it is easier to work with a slightly different version. We consider the Cayley map J from
the upper half plane to the unit disc sending i to the center O of the disc. We can therefore think
of T as acting on the subset J (/) of the unit circle. This gives an alternative distortion function.

Definition 7 (Distortion function II). The distortion function v : / — R is defined by

t(x) =log|(J o T o J7Y (Jx)|.

The two distortion functions mentioned here are cohomologous (that is, there is a func-
tion 7 = —log(J’) such that 7(x) = 7(x) + h(x) — h(T(x))), so are equivalent for many pur-
poses. Sometimes it is convenient to work with one, sometimes the other.

Since T is real analytic, and it is easy to see that 7" is never zero on I, it follows that 7
is real analytic on /. The iterated version

N-1
N (x) = w(Tx)
i=0
measures the distortion along a trajectory of T'. It follows from the eventually expanding prop-
erty of T that there is an Ng such that for all N > N, %V > 0 on the cylinders of length N,
that is, T is eventually positive. Since t is cohomologous to T we conclude that 7 is also
eventually positive.

Let dg denote Euclidean distance in the upper half plane. Fix the basepoint 0 =i € H.

The following lemma links the lattice point count with the dynamical system we have defined.

Lemma8. Thereexist C,r > 0andk < 1 such that if ko is a point in I, then for L € N
and admissible sequence of gi,

2.2) dE(8i1...81,0, &ir...8i ko) < Cich.
If in the general Schottky semigroup case, we also require that k¢ ¢ I;, where

i =ip + k' mod 2k’.

Proof. Inequality (2.2) follows from the fact that Mobius transformations preserve
(generalized) circles orthogonal to the boundary of H, together with the eventually expanding
property of T'. m)

We denote by K the limit set of the semigroup I, i.e., the set of all accumulation points
in 0(H) = R U {oo} of the orbit I".0. It follows from Lemma 8 that the limit set K is also given
by the T'-invariant set

K = ﬁ 7).

i=1
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In order to perform counting in congruence classes, we need to twist our dynamical
system by a family of locally constant maps. Let I'; = SL2(Z/gZ).

Definition 9 (Modular cocycle). For every modulus ¢ € N, define ¢4 : I — I'y by

¢qlr;= gi mod q.

This quantity will appear again naturally in Section 3 when we perform the lattice point
count.

2.2. Thermodynamics. For a T-invariant probability measure pu on K, let h,(T)
denote the measure-theoretic entropy of 7' with respect to . Let M(K)T denote the set of
all T-invariant probability measures on K.

The pressure functional is defined on f € L(K) by

Pyi= s (u(r) - [ fdu)

HEMK)T

It follows from the variational principle that P(—st) is strictly decreasing in a real parameter s
and has a unique positive zero denoted by sg. Moreover, it is known that in the current setting
so = &, where § is the Hausdorff dimension of K.

Let L(K) denote the Banach space of Lipschitz functions on K. For any real-valued
J € L(K), the transfer operator &£ on L(K) is given by

Lr[Glx) = > /DGy,
Ty=x

The basic spectral theory of transfer operators is given by the Ruelle-Perron—Frobenius Theo-
rem. We state this following Naud [14], the result can also be found in [16].

Theorem 10 (Ruelle—Perron—Frobenius). The following statements hold.

(1) There is a unique probability measure vy on K such that éﬁ; (vp) = eP(f)Vf.

(2) The maximal eigenvalue of Ly is eP ) swhich belongs to a unique positive eigenfunction
hy € L(K) withvg(hy) = 1.

(3) The remainder of the spectrum of Ly is contained in a disc of radius strictly less
than ¥,

Our functional analysis takes place for the most part on the Banach space C (1) with
the norm

(2.3) If ety = 1f lloo + 1./ lloo,

or closely related spaces of vector-valued functions. As in [14] we need to note that Theo-
rem 10 extends reasonably to &£ ¢ acting on C L(I) given f € C'(I). In particular, £ # acting
on C (1) has the same spectral properties relative to a positive eigenfunction / reC 1(I) such
that £rhyp = eP(f)hf. We also view vy as a measure on / with support in K.

We will write simply £5 = £_g; in the sequel.
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3. Counting

3.1. From the lattice point count to the boundary dynamics. We now show how one
can adapt the work of Lalley [12] to get counting estimates in our setting. Let I'y = SL>(Z/gZ).
We convert questions about the lattice point count in congruence classes into questions about
the RT'-valued function

Ny (@ yo.¢) := > G(y00)p(q(¥))-9
yellU{e}
d(o0,yy00)—d(0,y00)<a

where

¢ G is a non-negative function on H U R with the property that there exist an integer M
and neighborhood Jjs of the length M cylinders in I such that G is locally constant
on Jjs. We write g for the restriction of G to R.

e« 9 e Rl g . I' = Iy isreduction mod ¢ and p is the right regular representation of I';.
* 0 =i € His our fixed origin and yp € I' U id.

While this might seem mysterious, we explain as follows.
Firstly, and most importantly, the main Theorem 1 stated in our Introduction is directly
analogous to certain estimates for N, ; (a,id, @) for suitable test .

The distance d vs the matrix norm ||y||. One has the identity
Iy 1> = 2 cosh(d (i, yi)).

With this in hand and our choice 0 = i of basepoint, the condition d (i, yyoi) — d(i, yoi) < a
becomes

lyvoll <R
llvoll

where R = \/m — 04/2.3)

The parameter yo. Our main Theorem 1 of the Introduction is obtained by setting
yo = id. However, even to obtain this simplified version, consideration of general yg is neces-
sary in order to set up the forthcoming recursion over the tree-like I'. This recursive formula
leads to the renewal equation.

3 More precisely, the condition ”ﬁ;’ﬂ” < R corresponds to an inequality
—2d(ivoi 1
’ 0

= a + log(1 4+ e~2d@Y0D)y 4 0(e724),

The difference is only important insofar as it changes the leading constant in our main theorem.
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The function G. This function allows one to perform sector estimates by only counting
lattice points that fall close to a prescribed part of the boundary o(H) of hyperbolic space.

Modular twisting. Let us now explain the modular twisting in the simple case that
G := 1. Recall that we are supposed to be counting in a given congruence class £ € I';. One
can decompose the characteristic function of the singleton set & according to its constant coeffi-
cient and a part orthogonal to constants, and look at N(a, yo, ¢) with ¢ set in turn to these
different components. Since the estimate is additive one can estimate the corresponding quan-
tities separately. The key calculation is that

Ni@.id 1) = > plrgONde= Y g,

yell'U{e} yell'U{e}

d(o,y0)=<a d(o,yo)=<a
so one obtains the congruence lattice point count from reading off a coordinate of the vector-
valued N, (a,id, 1¢).

Remark. Whenever we sum over semigroup elements, we have the implied constraint
that any concatenation in the summation condition be admissible; we will use the notation ) _*
to emphasize this. For example, we will write

E G(yyoo0) := E G(y700).
H‘V)/()”H<R II”VyoHsR
voll

y=£ m y=£& mod q
y+yo admissible

The most general lattice point count that the upcoming estimates for N(a, yo, ¢) will
allow us to obtain is the following.

Theorem 11 (Main Theorem, elaborated). There exist Qg € N, C > 0 and € > 0 such
that forall yo € T, & € SL2(Z/qZ) and q with (Qg,q) = 1,

S G700 = S a0, o) + O((16 oo + 1G] o) R69),

llyyoll
<
Trol =R

y=§& mod g

|Fq|

Here G is any function in C'(H U R) which is locally constant on some neighborhood of the
cylinders of length M in I for some M > 0. The constant C«(yo, G|Rr) > 0 is related to Cx
from (3.12) but modified in light of (). The implied constant depends on M.

We now show how to relate the quantities N, * and the dynamics on the boundary. As
before, write dg for Euclidean distance in the upper half plane. Let '™ denote those yel
which can be written as a reduced word in at least n generators. If y = g;, g4, . . . gi,, 1S written
in reduced form, then we define the shift

o:TW 10D 54) = 8iy - 8iy-

We use the convention that I'©) = ' U {e} and o (g;) = e for all 1 <i < k. Throughout the
rest of this section we always assume semigroup elements are written in their reduced form.
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Define fory € T’
t«(y) = d(0,y0) —d(o, (0y)o).
and define forn > N and y € r,

N-1

W (y) =) w(’y) =d(0,y0) —d(0, (0" y)o).
j=0

We can now recast N; as

Ni(a.yo.9) =Y. Y. Gyo)p(rgyry ") - ol Tl (y) < a}.
n=0 yel

o'y=yo

One obtains by this elementary argument a recursive formula called the renewal equation:

(B.1) Nj(a,yo,¢) = Z Nj(a—1e(y). . [p(g (y¥5 )e]) + G(vo0)pl{a = 0}.
Y
oY=Yo0

We will now ‘push to the boundary’, replacing quantities with boundary counterparts
under the following Dictionary.

Inside H (lattice point count)  The boundary o(H)

o T

Ty 7(x) (see Definition 7)

o) V) = 2 w1

G g =Gl

0 the cocycle ¢, (see Definition 9)

p(mg(yve ) eN(x) i= cq(TV1X)cg (TN 2x) ... cg(Tx)cy (x)

N (a.yo.9) Ny(a,x,9) = 35203 rny—x §)plcf (M)eU{" () < a}

Table 1

These new quantities play a central role in the remainder of the paper, in place of their
old counterparts. We take this opportunity to outline the rest of this section.

e We would like to understand the quantity N; (a, o, ). It is not clear how to do this
directly, so we compare it to Ny (a, yoko, ¢). Unfortunately that comparison is only valid
when yy is a “large” group element (see Lemmas 12 and 13), but we can arrange that by
repeated application of the finite renewal equation (see (3.1)) so we obtain Lemma 14.

* Next we relate Ny(a, yko, @) to the transfer operators. This is done by means of the
boundary renewal equation (3.4) and a Laplace transform: we obtain (3.5).

¢ Spectral bounds for transfer operators (see Theorem 4) together with equation (3.5) and
the Laplace inversion formula give us good control on Ny (a, yko, ¢): see Proposition 17.

* Finally, we use control of Ny (a, yko, ¢) to gain control of N, ; (a,vo,9).

We will now put this outline into practice.
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Assume that yg # 1 (the case yo = 1 follows from this consideration®). In the Schottky
setup, we say that ko € [; is admissible for yq if

Yo = &iy .- 8in

is reduced and iy # i + k' mod 2k’ . We fix such an admissible kg € K now — if in the con-
tinued fractions setup this can be chosen arbitrarily in K.

Lemma 12. There is k < 1 such that when

V=380 &jn+tn
is a reduced word in I, and yyg is also reduced/admissible then
w (rvo) = " (yyoko) + O™).

Proof. Let C and « be the constants from Lemma 8. Then

(3.2) dE (y700, yyoko) < Ci" ™.
We also have

/
Tx(8/08j1 82 -+ &jn—1 -+ Ejnsn Y0) = —10g 185 ()1 &) - - - &y V0O)|

+0(dE(8)1&)s - - - &juin V00, R)).

The derivative here is for the action of I" on the unit disc model obtained via J; a similar
estimate is given in [12, p. 41]. Note that the error term can be measured either in the unit disc
model or the upper half plane model, as the two are bi-Lipschitz near K. It follows then that

x(8)0&j1 &) - - Gjnpn Y0) = =102 1€ (8118) - - - &y n V0O) + O™ TN,

Since there is some uniform bound for the derivative of log |g;| close to the part of I where g;
is an inverse branch of 7', this together with (3.2) implies

T4(8j08j18j2 - - Ljnsn Y0) = — 108125 (21 &) - - Gy n YOKO)| + O™ TN,
By iterating for n steps and summing the geometric series it follows that
T2 (8j0&j18)r - Einsn V0) = —1081(8j0&)1 &l - - &in—1) &) - - - Ginyn YOKO)| + O(Y)

or what is the same
o (yvo) = " (yyoko) + O(k™),

proving the lemma. ]

4) By applying the renewal equation (3.1), the quantity N; (a, 1, ¢) is converted to a constant plus a finite
sum of quantities of the form N, q* (-, y0,), where yg # 1.
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Lemma 13. Suppose ¢ is non-negative. There are Ny, k < 1 and C depending on G
such that if N > No and
Y1 =28r---8rn Y0

is an admissible concatenation (hence kg is admissible for y1 ), then

Ng(a — CkN y1ko. @) < N (a.y1.9) < Ng(a + Cx™ , yiko. ).

The inequalities are understood between functions on R4,

Proof. We will use the fact that the map yy; + yy1ko on admissible concatenations
intertwines the shift o and the map 7. One has

33 Niayne=Y Y. Gurnopg()eli () < a)
n=0 Y=8i, ---&in
and
Nyayiko.o) = 3 griko)pr())elir" (yyiko) < a}.
n=0 ¥Y=8i, --&in

These can now be compared term by term. If N is large enough, depending on G, then
G(yy10) = g(yy1ko) for all terms as all the yyj0 will lie in the neighborhood Jps, where
G is locally constant. On the other hand, we have from Lemma 12 that

1l (yy1) < a} < Ht"(yyiko) <a+ Ck™}
for some C. Also, in the other direction,
H{"(yyiko) < a—CkN}y < Ut (yy1) < a}.

Given that ¢ and hence p(4(y))¢ are positive functions, inserting these inequalities into (3.3)
gives the result after suitably choosing Ny. O

Following Lalley [12, p. 22], we iterate the finite renewal equation (3.1) to obtain

Ni(a,yo.9) = Y Ny(a—1l(). v, plrg(rvg Hle)
Y
a"y=vyo

n—1
+ > > Gyoplmg(yyg Hlella — ' (y) = 0}
m=1 Y
ay=yo

+ G(yo0)pl{a = 0}.

We want to increase n so we note that the second line is bounded by (recall k is the number of

intervals)
n—1

Y KMGllssllell < [1Gllooll@llk”.

m=0
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We will eventually set
n=|cal

for small enough c. This gives

Ny yo.9) = Y Nj@—2 ).y plrg(yyo Do) + O(IGllollglle ).
Y
o"y=yo

We can now use Lemma 13 to get:

Lemma 14. Up to an error of O(||G | coll@|et08%)ca), Nj(a,yo, ) is sandwiched
between

> Ngla—ti(y) — Ck™.yko. plrg(yvo Dle)
14
oy=yo
and

> Ngla—tl(y) + Ck" yko. plrg(yyg ).
Y
a"y=vo

This sandwiching allows us to convert questions about N, and hence our main theorem,
to questions about N,. We leave the relation for now since going any further in the comparison
requires results from later in the paper. Hopefully by now we have motivated the study of N,
and the dynamical system of Section 2.1.

3.2. The renewal equation: Boundary version. The quantity N, also satisfies a ver-
sion of the renewal equation: we first describe a simple version without any congruence aspect.
Let g € C1([) as before.

We define

o0
Na.x)=Y_ > gy <a}.
n=0 y
T"y=x
where 1{t"(y) < a} is the characteristic function of {t"(y) < a}. Only finitely many of the n
give a contribution to the sum, since t is eventually positive. The renewal equation states

(3.4) N(a.x)= Y N(a-1(y).y)+ gx)l{a = 0}.
Tyy=x
This is related to the transfer operator £ _s; by taking a Laplace transform in the a variable.
If one defines
(e.0]
n(s,x) = / e **N(a,x)da,
—0o0
then (3.4) is transformed into
g(x)
n(s.x) = [Len(s, )l(x) + ==,
where £4[ f] is the transfer operator defined in Section 2.2. The former equation can be recast

to
sn(s, ) =(1—%5) g
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We now adapt our formulae to take account of the congruence aspect. The congruence
version of the renewal equation at level ¢ concerns the quantity

Ng(a,x,0) =Y > gp(cf()el{r"(y) <a} e Ce

n=0 y
T"y=x

from before. This congruence renewal equation reads

Ng(a,x,9) = Y pleg(»)Ng(a—1(y), v, 9) + g(x)el{0 < a}.

Ty=x
Consider the congruence transfer operator £ 4 on CT_valued functions defined as follows:
L qlF1(x) = Y e "Wy (y).F(y).
Ty=x
where ¢, is the modular cocycle given in Definition 9. Then parallel arguments to before give
for

o0
nq(s,x,go)zf e *Ny(a,x,p)da

—00
the formula

(3.5) sng(s,x,9) = [(1 = Lsg) "' g ® ¢](x),

where g ® ¢ is the vector-valued function taking x + g(x)e.

3.3. Spectral theory of transfer operators. Recall that we work with the Banach
space C (1) with norm as in (2.3) and the similar Banach spaces C'(1; C'¢) of CT-valued
functions. In Theorem 4 we summarized the spectral properties of &£, that we prove in this
paper, and that will be used to estimate equation (3.5). The proof of Theorem 4 is deferred to
Sections 4 and 5. We now continue with our counting estimates using Theorem 4 as a given.

3.4. Continuing the count. Notice that N, and hence n, are linear in ¢. We split into
two cases as we can write
¢ =wo+¢
where ¢ is constant and ¢’ is orthogonal to constants. The analysis of Ny (a, x, ¢o) boils down
to that of N(a, x), which is in principle understood without any of the results of this paper. We
take up the analysis in the case that

¢ eClegol,

that is, orthogonal to constants. Assume this is the case from now on.
One obtains from (3.5) and Theorem 4 that for any n > 0,

Cq€(1—=po)~" g ® ¢llc if |b| < bo,
Cplb["™(1 = pp) " lIg ® llcr  if b] > bo.

with the same quantifiers and constants as in Theorem 4. Consolidating constants, for any n > 0
there is C’ = C’(n) such that

(3.7) Is|lng (s, @")lcr < €' max(g€, [b|"T)]|g ® ¢l ¢

whenever |a — §| < € for some sufficiently small €.

(3.6) Islllng (s, "1 = {
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We also note that given the bounds in Theorem 4, it follows that the correspondence
s (11— 0(&v,q)_lg ® ¢

gives a holomorphic family of C! functions in the region |a — §| < € for fixed g and ¢, hence
ng(s, x,¢’) is holomorphic for s in this region. This is essential for the contour shifting argu-
ment to follow. Now we follow technical work of Bourgain, Gamburd and Sarnak [4, pp. 25-26]
to extract information about N, (a, x, ¢').

Following [4, equation (9.4)], let k be a smooth nonnegative function on R such that
[k =1, support(k) C [1, 1] and>

|]€(§)| <B eXp(—ISII/Z) for some B,

where
k(€) = / e Ek (1) dt.
R
Then let for small A > 0,
ky(t) = A Yk(@A™h,

this has the effect that

(3.8) ki (€) = kQAE),  |ka(E)] < Bexp(—|AE[Y2).

Consider the smoothed quantity of interest

o0
1 A
/ ky(t)Ng(a +t,x,¢")dt = — e®ng(s, x, k) (s)ds
—o0 271 Jses+iRr
by inverting the Laplace transform and interchanging the order of integration. From (3.7), ng is
well enough behaved that this is possible. For technical reasons let €’ = min(5/2, €/2). We can
shift the contour to N (s) = & — €’ to get that the above is the same as

1 N
~ . eaan(ssx’ (Pl)k)t(s) ds
270 Jses—e+iR

1 , . ~
= — 96—¢) e (85— +i0,x,0)k (8 —€ +i0)do,
q( @)k ( )
2 feR

where s = § — €’ + i6. Putting in the bound (3.6) for n, together with (3.8) gives the new
bound

/
e g @ (qc / 8 — ¢ + 16| e MOHOI g
2 161<bo

w [ e ilp e OO g )
161>bo

BC’ / 4¢€b
~ 2~ La@—¢€) / 0 C"Al1n
< SNl (S0 + il

for some new absolute constants C’, C”. Putting this together (choosing n = 1 is enough) gives
the following.

3 The assumption that k has stretched exponential decay is overly strong here: it would be sufficient for
example that k be uniformly bounded and in L! of any vertical line in C with real part sufficiently close to §.
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Lemma 15. There is Q¢ > 0 provided by Theorem 4 and positive constants €', C, k1,
K such that for g with (Qo.q) = 1 and any g € C1(I), ¢' € C' & 1 we have

A
H [ kNaGa +x )i < 0 lg @ 'l er (k1€ + i),
—A

where the norm on the left-hand side is the one in Cr4.

We now describe Ny (a, x, ¢g) with o a constant function. In this case the counting
reduces to the non-congruence setting. The following is a straightforward adaptation of [4, Pro-
position 10.2] to our setting. This effectivizes work of Lalley [12], using the work of Naud [14]
as input to get a power saving error term. Let 1 be the constant function in CT¢ taking on the
value 1.

Lemma 16. There exists €’ > 0 such that for any q, g € C(I) we have

A
[ BNyt x ) dr = Clrgred?1 + O(Iglr Ty 4% =2),
)

where
fng—Sr
§ [tdvo

isa C! function of x and the error is estimated in C L worm, and v, h are the measures and
functions we defined in Theorem 10.

Clx.g) = ( )h_af(x)

We remark that the [I';[||g[|¢1 in the error term above comes from |[g ® @o| ¢1. We can
now put these lemmas together to get

Proposition 17. There is Qo > 0 provided by Theorem 4 such that when (Qg,q) = 1,
the following holds. There is € > 0 such that for any non-negative ¢ € Rl c Cle,

C(x,g)e%(p, 1)1
Tyl

Ng(a.x.¢) = + 04 gl crlel).
where (-, -) is the standard inner product.

Proof. Decompose ¢ as

Then Lemmas 15 and 16 give that
C(x.g)e" (9. 1)1
ITq
+e“ 90 (gl el (k1g® +x2272 +27%)

A
/ kx(t)Ng(a +t,x,¢)dt =
—A

by using that
lg®@¢'llcr < ll¢'llligle
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—ae/6

and replacing €, ¢’ with a new small enough €. Now taking A = e , we have that the error

term is
=D 04 | gllcr el

Since ¢ is non-negative, Ny (a, x, ¢) is increasing in a and hence

A
Ngla—2A,x,¢9) < / kp(t)Ng(a +t,x,¢)dt < Ng(a + A, x,9)
—A

which is enough to get the result given the exponentially shrinking A, by replacing € with some
smaller value. ]

With the precise asymptotics of Proposition 17 at hand, we return to estimating
N; (a, Yo, ¢). Using Lemma 14 along with Proposition 17 gives

Sa
NZ (@ 70.9) = (1+ 0GCK™) (e, D1 Y Clyko. g)e P
! ITq| :
a""y=yo
+0(¢Clellcrllolet2e Y 0w
Y
ay=yo

+ O(| Gl [l [ e0eRIea).

Given that n = | ca | for some small ¢ yet to be chosen, the k" term will not be significant. We
do however have to describe the terms

> Clyko.g)e =™
Y

ay=yo

3 6-on;)
14

o"y=vo
The latter can be bounded using Lemma 12 with N = 0 to give 7} (y) = t"(yko) + O(1) and
hence

and

(3.9) Y e mom o N TR e 1] (voko).
y k
oy=yo T"k=yoko

We know that £_(5_¢) is bounded by exp(P(—(§ — €)7)) by the Ruelle-Perron-Frobenius
Theorem. We now therefore require n < Wg_e)r) so that

[£7 5_)1](voko) < exp(nP(=(§ —€)7)) < eXp(%)_

To describe the main term

eSa

3.10
610 I,

(p. 1)1 > C(yko.g)e o=,
Y
o'y=yo

we require the following result of Lalley (cf. [12, Theorem 4]). It says that there is a version of
the maximal eigenfunction 4_g, on I, as opposed to K.
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Lemma 18. Fix ko € K. There exist a unique positive function hs : I' — R and 6 > 1
so that ify € T™,
he(y) = h_sc(vko) + O(07").

Also, forall y € T,
(3.11) he()= Y e =00,
y/
a(y)=y

Now recall the definition of C(-, g) from Lemma 16. If we define the corresponding
function on I" according to the pairing of /4 with h_g,

dv_s,
(3.12) Qm@=(%%%%yun

we get from Lemma 18 that

Ci(y.g8) = C(yko.g) + O(llgllc10™™)

when y € '™ This means that the main term contribution (3.10) to Nq* (a,vo,p) is

<<p,1>1( S Calr e ED 1 o(gler6 e—Srsm))
v %

ay=yo ay=yo

e8a
ITq|

Sa
e _

= o &) D1+ 100 lelllglcr)

q
by using (3.11) and a calculation similar to that in (3.9) to give

Y TEO <[5 (oko) < 1.
y
ay=yo

We now let n = |ca | with

. [ §—¢€ €
¢ = min , .
4logk 2P(—(6 —€)1)
Then the result of the preceding discussion is that

da
¢ 7
Ng (@ v0.9) = 1= Culyo. ). D1+ O((lelligler + 1G [loo)q € e®=<)4)
q
for some ¢’ = € (k, 0, ¢, A) . When ¢(y) = 1{y = £} we have that
{p.1) =1

and hence evaluating N q* (a,yo, l{y = &}) gives

Sa
* e -
2 G(yy00) = == Cx(y0,8) + O((lgllct + Glloo)g @)
T4l
yel
d(o,yyo00)—d(0,y00)<a
g (v)=¢

This proves our main Theorem 11, given Theorem 4.
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4. Bounds for transfer operators: Large imaginary part
In this section we will prove part (2) of Theorem 4.

4.1. Non-local integrability. Recall from Section 2 the set I, K,the map 7 : I — R,
the cocycles ¢, and I'. We need to introduce symbolic dynamics. We write A for the k x k
matrix with (i, j) entry equal to 1 if T(/;) D I; and O otherwise. Such a matrix A is called
the transition matrix. We say that a sequence (i;) with entries in 1,...,k is admissible if
T(ij) Dij4q for all j in the index set of the sequence. When T'(/;) D I;, we define Tl._1
on /; to be the unique locally defined branch of T~ that maps / jto Ij.

Let EZ (resp. ¥,) be the space of positively (resp. negatively) indexed admissible

sequences on {1,..., k}. We define for § € X7 the function
o0
Ag(u,v) =) 1T ;oo T hu) = w(Tj o-w0 Ty )
i=0

on I; x Ij such that T'(I¢,) D I;. It follows from the expanding property of 7" that Ag is C !
where it is defined. Naud (following others) defines a temporal distance function

Qe (U, 0) = Ag(u, v) — Ay (i, v)

which is defined for each §,7 € ¥, and u,v € I;

Definition 19 (Non-local integrability (NLI)). An eventually positive function t is said
to have property (NLI) if there are jo € {1,...,k},§,n € T, with T'(Ig,) N T'(I,) D Ij, and
up,vo € K N Ij, such that

0
e (1o, v0) # 0.
ou

Proposition 20. The distortion functions © and T have the non-local integrability
property.

Proof. In the two cases of Schottky semigroups and the continued fractions semigroups
we are considering, we always have two hyperbolic elements £; := g;° 1h joi= gj_1 (with
gi» gj from the generating set) satisfying (1) T'|;; = h; and T'|;; = hj, (2) the h; and h; have
distinct repelling (resp. attractive) fixed points on R U {co} and (3) the semigroup generated by
h; and h; consists of hyperbolic elements. Given such elements, Naud’s argument in [14, Proof
of Lemma 4.4] shows the non-local integrability properties of 7(x) = log |7’(x)| and 7(x). O

4.2. Beginning Dolgopyat’s argument. One novelty of this paper is the following ver-
sion of [14, Theorem 2.3] that is uniform in the congruence aspect.

Proposition 21. There is by > 0 such that part (2) of Theorem 4 holds. That is, for any
n > 0, there is 0 < py < 1 such that

€2 Il g [B]' 70

when |b| > bg and q € N, as in Theorem 4.
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We now show how to relate this proposition to the construction of certain Dolgopyat
operators. Recall the Ruelle—Perron—Frobenius Theorem (Theorem 10) and its notation. Let /1,
be the normalized positive eigenfunction of £_,; corresponding to the maximal eigenvalue
exp(P(—at)). We set

g = —at — P(—at) —log(hg o T) + log(hy).
We now renormalize our transfer operators by defining
Lsq:=Lc,—ibryg-
This is the same as
4.1) Lsg = exp(—P(—av) M} ' L5 4 Mp,.

where M}, is multiplication by /4. It now follows by arguments as in Naud [14, p. 132] that
it is enough to prove Proposition 21 and Theorem 4 with L; 4 in place of £; ;. We also note
here that the maximal eigenfunction of L, is the constant function, with eigenvalue 1, that is,
L,1 =1fora € R.

The rest of the passage to the estimates in the next section is routine but we give some
of the details for completeness. One shows that in order to prove Proposition 21 it is enough to
prove the following lemma.

Lemma 22. With the same conditions as Theorem 4, there are N > 0 and p € (0, 1)
such that when |a — §| is sufficiently small and |b| is sufficiently large we have

/K LYW dvg < p".

where W € CY(1;CY%), dvg = h_g,v_gy is the Gibbs measure on K, and || Wil < 1, which
stands for the warped Sobolev norm

W @) = W lloo + [BI7H W lloo

These estimates are uniform in q.

This corresponds to [15, Theorem 3.1] in the work of Oh and Winter and is the uniform
version of [14, Proposition 5.3].

Lemma 22 implies Proposition 21 by the use of a priori estimates for the transfer opera-
tors that allow one to convert an L2 estimate into a C! bound. These estimates are given in
[14, Lemma 5.2] for complex-valued functions. They are however easily proved for vector-
valued functions giving

Lemma 23. There are k1,k2,a0,bg > 0 and R < 1 such that for |a — 8| < ag and
|b| > bo we have for all f € C'(I;Cl4),

LS 4 SV lloo =< klDIILG flloo + R™ILG] S lloo

and

1154/ lloo = fK [f1dvo + k2R f k).
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Lemma 23 together with Lemma 22 imply Proposition 21 by arguments appearing
in [14, pp. 133—134]. Roughly speaking the ingredients are Cauchy—Schwarz to access Lem-
ma 22, remarks regarding the behavior of 7/’ for a close to § that appear elsewhere in this
paper, and splitting up exponents in the formm = nN + r.

The proof of Lemma 22 proceeds through the construction of certain Dolgopyat operators
that we give in the next subsection.

4.3. Construction of uniform Dolgopyat operators. We follow the notation of Naud
(cf. [14]). For A > 0 we consider the cone

C4:={H eC'(I): H>O0and |H'(x)| < AH(x) forall x € I}.

In this subsection we establish a uniform version of the key lemma of Naud [14, Lemma 5.4].
This is also analogous to [15, Theorem 3.3].

Lemma 24 (Construction of uniform Dolgopyat operators). Suppose t has the (NLI)
property. There exist N >0, A > 1 and p € (0, 1) such that for all s = a + ib with |a — §|
small and |b| > by large, there exists a finite set of operators (NSJ )Jeg, that are bounded on
C (1) and satisfy the following three conditions:

(1) The cone €yp) is stable by JVSJfor all J € &;.
(2) Forall H € Cqp and all J € &,

[ w2 v <p [ (2 dv.
K K

(3) Given H € €A|b| and f c Cl(l’crq) Such that |f| S H and |f/| E AlblH, there is
J € & with
LY, 1< NS H and |(LY, )| < Alb|N] H.

When we write | f| for f € C1(I;CF7), we refer to the function obtained by taking
pointwise Euclidean (/%) norms. We now show that the existence of these operators implies
Lemma 22.

Proof that Lemma 24 implies Lemma 22. Given this construction (that is, Lemma 24),
Lemma 22 is proved following the argument of [15, p.21] or one in [14, p. 135]. Indeed, given
non-zero f € C1(1;Cl) with Il fllwy <1 (cf. Lemma 22 for the definition of ||||)), we
define

H = fllp!-
One sees that H and f are as in Lemma 24, that is, H € €4, | f| < H,and | f'| < A|b|H
as A > 1. One gets then by part (3) of Lemma 24 that

LN f1 < NS H (LN, 1)) < AN H

for some J € &;. Since C4)p is stable under the NSJ , one can repeat this to get for some
sequence Ji, ..., J, € & that

/ |L™N £12 dvy 5/ NN NS TH 2 dvy < p”/ |H|>dvg < p"
K K K

by using part (2) of Lemma 24. |
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The first two properties of Lemma 24 were proved by Naud in [14]; we follow closely
Naud’s construction of the operators in the following.

4.4. Consequences of non-local integrability (NLI). Naud notes the following conse-
quence of (NLI) that we will use later.

Lemma 25 (Proposition 5.5 of [14]). If © has property (NLI), there are m,m’, Ny > 0
such that for all N > Ny, there are two branches oc{v , ozév of TN with

d
m' > d—[rNoa{V—tNoaév](u) >m>0 foralluel.
u

We remark here that the lower bound is the harder one. The upper bound follows from
the expanding property of 7" and regularity of <.

Now suppose we deal with t with property (NLI). Let &, n, ug, vo and jo be as in Defini-
tion 19.

Throughout the rest of this paper, the assignments N — oz{v and N — aév are fixed as
those given by Lemma 25.

We do however need to know some of the details about how the alN have been con-
structed, which we give now.

As in the proof of [14, Proposition 5.5] there are € > 0 and an open interval U with

IjOD‘uau()

such that

0
‘_905,;; (', vo)| > €

ou

for all u” € U. We define for any n,

—1 —1 —1 —1
'B?sz—n-HOH.OTSO and ,35’=Tn_n+lo---oTn0,

two branches of 77" on /. In the proof of [14, Proposition 5.5], Naud also constructs
vl —-U

which is a branch of 77 for some p a fixed positive integer related to the mixing and expand-
ing properties of 7. The image of ¥ is a disjoint union of k closed intervals each of which is
diffeomorphic to some /; by /. We denote by Uy the image of /. We will use the parameteri-
zation

N =N + p.
Then the aiN are defined by

N _ gN

aif =p;i oy

As p is fixed, N and N are coupled. They are to be chosen, depending on b and other demands

in the following.

4.5. Construction of Dolgopyat operators. The following result is proved by Naud
[14, Proposition 5.6].
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Proposition 26 (Triadic partition). There are Ay, A/1 > 0 and Ay > 0 such that when
€ > 0 is small enough, there is a finite collection (V;)1<ij<p of closed intervals ordered along
Uy such that:

(1) UD Ul.Q=1 Vi D Uy, Vi NIntUg # @ foralli andIntV; NIntV; = @ wheni # j.
(2) Forall1 <i < Q, eA| < |Vi| < €A.

(3) Foralll < j < QwithV; N K # @, one has either Vi1 N K # @and Vi1 N K # 0
or Vi oNK#Qand Vi i NK #Qor Vigi NK # @ and Vi N K # @. In other

words, intervals that intersect K come at least in triads.

4) Foralll <i <QwithV;NK # @, Vi N K C Uy and dist(0V;, K) > A,|V;|.

Now following Naud, we can construct the Dolgopyat operators. Suppose that we are
working at frequency s = a + ib. Then for fixed €’ to be chosen, we construct a triadic partition
(V,-)l-Q=1 of Uy with € = €/|b| as in Proposition 26. Then for alli € {1,2}and j € {1,...,Q}
we set . ~

Zj = B (V; N Uy).

We will write
Xj={xel:ymeV} 1<j<0.

Properties (4) and (2) of Proposition 26 imply that

AQA/IG/
1]

4.2) dist(K N V},0V;) = Aa|V;| =

whenever K N V; # 0. For such j we can find a C ! cutoff y 7 on [ thatis = 1 on the convex
hull of K N V; and = 0 outside V;. Due to (4.2) we can ensure that

b
Xl < A3—| ,l, Az = A3(As, A)).
€

Then the index set Jg is defined to be
ds :={(i,j):1<i<2,1<j=<0,V;NK# 0}
Allow 0 < 6 < 1 to be fixed shortly. For all J C Jg we define y; € C1(1) by

1= 0y, (W(TNx)), ifxeZ] for(i,j)elJ,

1, else.

X (x) = {

Then the Dolgopyat operators on C ! (1) are defined by

N (f) =LY (xs ).

Recall that L, is the transfer operator at s = a.
Let us return to our Lemma 24 so that we can complete our definitions.

Definition 27. We say that / C Igisdenseifforalll < j < Q with V; N K # @ there
issome 1 < j' < Q with (i, j’) € J forsome i € {1,2} and with |j — j'| < 2.
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We define & of Lemma 24 to be the set of J C Jg such that J is dense.
The following is proved in [14] — we have tried to contain everything that we use as
a black box here.

Proposition 28 (Naud). There are constants agy, bo, A, No such that for each sulffi-
ciently small €’ there is 0y(€") and p(€’) such that when N > Ny, 0 < 0y(€'), |a — 8| < ag and
|b| > b, properties (1) and (2) of Lemma 24 hold for our (N, |b|,0,€’) parameterized and
&s-indexed Dolgopyat operators with respect to this p.

Furthermore, there is positive Cqy such that when |a — 8| < ag we have for arbitrary N,

(4.3) (e 0™ (x)| < Co.

and when N > Ny, b > by, we have

Alb|

(4.4) (N +ibtV o a) (x)| < ;

This was a factor in how A was chosen.

The proof of the inequalities above are discussed in [14, p. 137].

This fully completes the definition of the Dolgopyat operators modulo choice of €', 0
and N — the A and p required for Lemma 24 are that specified by Proposition 28 given these
parameters.

4.6. Proof of Lemma 24, property (3). Our remaining task in this subsection is to
prove property (3) of Lemma 24. This is proved for complex-valued functions by Naud in
[14, pp. 140-144]. Naud makes some use of taking quotients of values of functions that we will
have to work around.

We give the details now. Recall that €', 6 are still undetermined. The following technical
lemma is the vector-valued version of [14, Lemma 5.10]. Recall that ¢y : I — U (CF7) is our
twisting unitary-valued map at level g. We will need to consider the quantity cév (oelN x), defined
as in the Dictionary of Table 1, where ozl-N ,i = 1,2, are the two particular branches of 7~V
that are given by Lemma 25. We record the key fact here that since ¢, is locally constant, so
too is cév for any N.

Lemma 29 (Key technical fact towards non-stationary phase). Let H € €y and let
5]
f e CY(I;CY) suchthat | f| < H and | f'| < A|b|H. Fori = 1,2, define for 6 a small real
parameter and for any q,
|e[’tﬁv+"be]("‘{vx)cg(cx{vx)f(ocf’x) + e[’y“bTN](“ﬁvx)cé\' (e x) f (e x)|
1- 29)e’614v(°‘{vx)H(a{Vx) + e"{v(“év")H(aévx)
|e[raN+ith](O!{Vx)C;V (Ol{vx)f(afvx) 4 e[raN+ith](aéVx)CéV (ozévx)f(aévxﬂ

efév(‘vax)H((x{Vx) + (1 - 29)€r‘§v(aévx)H(aévx)

@1()() =

’

O (x) 1=

Then for N large enough, one can choose 6, €' small enough such that for j with X; N K # 9,
there are j' with |j — j'| <2, X;y N K # @ and i € {1,2} such that

Oi(x) <1 forallx e Xj/.
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Before giving the proof we must state a simple lemma from [14]. The proof goes through
easily in our vector-valued setting. This is also covered in [15, Lemma 3.29].

Lemma 30 ([14, Lemma5.11]). Let Z C I be an interval with |Z| < W Let H € Cy)p
and f € CY(I;C ) with |f| < H and | f'| < A|b|H. Then for ¢ small enough, we have
either

| f(u)] < %H(u) forallu € Z

or

|f()] = ZILH(M) forallu € Z.

We also need the following piece of trigonometry from [14, Lemma 5.12].

Lemma 31 (Sharp triangle inequality). Let V be a finite-dimensional complex vector
space with Hermitian inner product - ,-). For non-zero vectors z1, zp with |z1|/|z2| < L and

(4.5) N(z1, 22) = (1 = n)|z1llz2],
there is § = 8(L, n) such that

|21 + 22| < (1 —8)|21| + |22|.

We remark that while Lemma 31 is elementary, the fact that there is no dependence on
the dimension of V' is one of the crucial points in our arguments.

Proof of Lemma 29. Choose ¢’ small enough so that Lemma 30 holds for all Z = Z L
(with ¢ = €’). As in [14] by choosing N large enough it is possible to assume |Zl| <|Vj for
all j,i. We also enforce 8 < 1/8 sothat 1 — 26 > 3/4.

Now let V;, V; 11, Vj 42 all have non-empty intersection with K. One of the j, j +1, j +2
will be the j’ of the lemma. Set fj = X; U X;4+1 U X; 4> and assume as in Naud that 5(\1-
is contained in one connected component of /; note that the set X j s connected.

Following from our choice of 6, if there are j' € {j,j + 1, + 2} and i € {1,2} with
| fu)] < %H(u) when u € Z]"., then ®;(u) <1 on Z;, and we are done. So we can assume
that | f(u)| > %H(u) for some u in each ZJ"-,. Hence by Lemma 30, for all i, j” we have

1 .
(4.6) | f(u)| > ZH(M) >0 forallu e Zj,.
We make the definition
zi(x) ;= exp([ +ibt ](afvx))cév(oziNx)f(ale), zj )?j —Cle, j=1,2.

The result follows from Lemma 31 after establishing bounds on the relative size and angle
of z1, z» uniformly in appropriate X ;.

Control of relative size. Firstly we wish to control the relative size of zy, z5. This is
done by Naud and his estimates go through directly in our case, after making all substitutions
of the form

L 2]

|z2(x)]

z1(x)
Z2(x)
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and bearing in mind that cév is a unitary-valued function. This caters to our inability to divide
non-zero vectors. The output of Naud’s argument in [14, pp. 141-142] is that given an index
Jhelj.j+1,j+2}, either |z1(x)| < M|z2(x)| for all x € X/ or |za(x)| < M|z1(x)| for
all x € X/, where

M = 4exp(2NBy) exp(2A€’ Ay)

and
Bs = a||t|leo + [P(—at)| + 2[[log halloo

is a locally bounded function that arises in the estimation of ‘[év (cf. [14, p. 139]). Returning
to the overall argument, this means that we are done when we can establish (4.5) with some 7
uniformly on some Xj.

Control of relative angle. The key argument here is to very carefully control the angles
between the functions z1 and z,. One sets

_ (21(x), 22(x))
P = @l
which is the same as
(e @ x) faY x). e (@) x) f (@) x))

| 0l f (3 %)

O(x) = exp(ib(x¥ (af x) — o (@) x)))

Define N

oYX —~
Saln g
| f (e X))

Then the u; are C! as f is non-vanishing through (4.6). We have

ui(x)=cév(oziNx) i=1,2.

(cév.f)oafv = |foole|.ul-,
so that, differentiating on both sides and using (cév ) =0,

Y oaM).(foaly =1foaMNui +|f ool |u].

As u; has constant length 1 it follows that u; and u; are orthogonal (in R2IT» |). Therefore
ILf oaT1P = (f o) +1f o0 Plujl.
It now follows that v
I[f oe;'](x)]
FACHES]
We estimate the right-hand side by a direct calculation using the chain rule with the expanding

property of 7" and our assumptions on H from (4.6) and the hypotheses of Lemma 29. Indeed,
Naud performs a similar calculation [14, p. 142] which yields

uj(x)] <

D
4.7) uj ()] < 84Dl -

Note that we can rewrite the central quantity ® as

®(x) = exp(ib(tV (@ x) — oV (@) x))) (u1(x), ua(x)).
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We can use (4.7) and Cauchy—Schwarz to get

D

d
(4.8) ‘E(ul,uﬂ = [(uy, u2) 4 (u1,u5)| < 16A|b|y—N-

Note that we have the diameter bound
/
. = € _
diam(X ) <3175, (¥ Y lloo

so that using (4.8) we have

[(u1(x1), ua(x1)) — (u1(x2), u2(x2))| <3-16- AA1||(1/f_1)/||oo€/y2N

for any x1, x2 € X; note here that the cocycles cév (aiN X) are constant on X 7. We now enforce

€ < % and N large enough so that

_ D
48- AAL| (Y™ lloo— < 1.
4

Let us cut off one branch of reasoning. Suppose that there is xo € X j with

1
[{u1(x0), u2(xo))| < T

Then for all x € X j we have {
(1 (x). w2 ()] < 7.
It would follow that |[R®(x)| < % for all x € X j and the Lemma would be proved by our

argument with trigonometry.
Therefore we can now assume

(1 (). 120} = 15

forall x € X ;j- Then the new function

(u1(x), uz(x))
[(u1(x), u2(x))]
isClon X ;j of constant length 1 and by an argument we have made before

[{u1,u2) (x)]

(ur(x), uz(x))|

Ux) = eC

D
(4.9) U/ (x)] < <10-16- Alb|—,
| yN

using (4.8). We can write
U(x) = exp(i¢(x))
for some C! real-valued o X 7 — R.Then (4.9) reads

(4.10) ¢ (x)| < 160A|b|£N.
Y

As we assume ® # 0 on X ;»we can find a C! function that we will denote

arg d : )?j — SV=R/27Z, ®(x) = exp(i arg P(x)) - |P(x)|.
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Now define
F(x) = @V @VMx) -V @x), xeX;.

The critical output of the (NLI) property for t, Lemma 25, tells us that
(4.11) 0<m<|F'(x)| <m
when we choose N > Ng, which we do. As
argd = bF + ¢,

we now have, incorporating (4.11) and (4.10),

D D
|b|(m —10- 16A—N) <|(arg ®)'| < |b|(m' +10- 16A—N).
14 14

We fix, finally, N large enough so that we gain C; > C; > 0 (depending only on N, m, m’, A,
D, and y) with
b|C1 < |(arg ®)'| < |b|Cs.

By estimating diameters of X; 1 and X ;j from Proposition 26 together with the mean value
theorem, the total cumulative change of argument of ® between x; € X; and x; 41> € X4,
written A, is between

C36/ <A< C4€/,

where
C3 = C1 4 ilr;f|(w—1)’| >0, Ci4=0C341(0 Y oo
(0]

We now enforce €’ < 7/(2C4) so that we no longer need to worry about arg ® winding around
the circle. We are about to conclude. Now ¢’ is fixed. By our trigonometric strategy, we are

done with
N\ 2
o —s(m (S
100

unless there exist x; € X; and x; 4> € X; 45 with

C36/
100

2
mq>(xk)>1—( ) k=j,j+2.

In this case, by the Schwarz inequality we know
[Pl =1 k=j.j+2,

so it follows that now using the principal branch for arg and, e.g., |sin x| < 2|x|

C3€/

P < ,
Jarg @(xg)| = =

k=j.j+2.

Given that the argument of ® moves at least by Cz€’ in one direction between x; and x4 and
does not move more than 7r/2 (hence does not wind), this is a contradiction. O

We can now conclude this section with the following proof.
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Proof of Lemma 24, property (3). Choose N, 6 and €’ so that Proposition 28 holds as
well as Lemma 29. Increasing N if necessary we may also assume that

D 1

Ny
Suppose we are given H € €| and a function f € C I(I;C") such that | f| < H and
| f'| < A|b|H . The second inequality stated in property (3) is softer so we prove this first. The
complex scalar version of this inequality is proved in [14, p. 138].
We calculate

flx) = Zexp( N 4 ibtV) (N x))cN(a x) f(@N x),

where
cév(y) = cq(TN_ly) coqg(Ty).cq(y)

and the sum is over branches of 7~V . Therefore

I'(x) = Z([z +ibtNoa™) (x)exp([ry +ibrV (@ )l @V x) f@"V x)
+Zexp( N btV (N x))cN(a X)(f oaV) (x),

cév being locally constant. Usmg that cq is unitary and bounding derivatives of v with the
eventually expanding property and chain rule gives

LY, 1) < D( +ibt™ oo™ (x)| exp([z, 1@ X)) H (" x)

+ 25 exp(e NN x Albl Hiax).

Using inequality (4.4) in Proposition 28 and our choice of N, we get
Lo ST )] = A|b|[LNH1<x> < Alb|[N H](x)

given the very mild assumption 6 < 1 / 2.

Now we turn to the more difficult first inequality of Lemma 24, property (3). Given that
we have established Lemma 29 in the vector-valued setting, the proof follows by the same
argument as in [14, p. 143]. We give the details here for completeness.

Let J be the set of indices (i, j), where ®;(x) <1 when x € X;. The statement of
Lemma 29 is precisely that this set of indices is dense (recall Definition 27) and hence J € &;
as required. We will prove

1LY fIl <N H = La(xsH).

Fix x. Notice that if x ¢ Int X, for any j, then for all branches a” of 7=V, oV x ¢ Z; I and
so y7(@Nx) =1 for any J. More generally, if x ¢ Int X; for any j appearing as a coordl—
nate in J, then y s (a’vx) = 1. Therefore

LY, 1) < Zexp(rN(a X)) H (N x) = N [H](x).

We are left to consider x, J such that x € Int(X;) and J contains (i, j) for some i.
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Suppose that (i, j) = (1, ) and (2,j) ¢ J. Then for o # oV a branch of 777V,
x7 (@™ x) = 1 (the only other possibility would have been oV = ozév ). Then using ®(x) <1
gives

LGN Y ey @V () HEN (x)
aN#al ol
+ (1= 260) exp(z’ (of (W) H (e () + exp(zy’ (o3 () H (e (x))
= N [H](x).
The case (i, j) = (2, j) and (1, j) ¢ J is treated the same way. Finally, if (1, j) and (2, j) are
in J, then ®1(x), ®2(x) < 1 from which one can estimate
lexp([rg’ +ibtV (e x)) f (e x) + exp((rg’ +ibr"V (@3 x)) f (e x)]
< (1= 0) exp(zy (of (0)) He (1)) + (1 = 0) exp(zy’ (@) (x) H (@3 (x))
< exp(zy’ (@ (D)) (@ X)H (e (x)) + exp(zy’ (a3 (x)) 17 (@3 x) H(@) (x)).
Also noting that yy(a”vx) = 1 when oV # ozl.N ,i = 1,2, the previous inequality shows
LY L10)] = A [H](x)

in our final remaining case. The proof is complete. O

S. Bounds for transfer operators: Small imaginary part

In this section we will prove the first part of Theorem 4. The key point is to think of
W e C'(1,C") as a function on I x I'4 and decouple the variables. This allows us to relate
the transfer operator to a convolution operator on CI'v. The relevant convolution operators
have good spectral radius bounds that stem from the expander theory of I'; as described in
the Appendix — the expansion technology requires that we restrict ¢ to be coprime to a finite
bad modulus Q¢, we make this restriction throughout. We now begin decoupling arguments
in order to relate part (1) of Theorem 4 to the main result of the Appendix that we state as
Theorem 33 below.

5.1. Accessing the convolution. We define £, to be the space of functions of the group
I’y = SL2(Z/qZ) that are orthogonal to all functions lifted from Iy for ¢’|q. We set out to
show that when we iterate LY , we suitably contract the C ! norm.

We have calculated already that for W € C (1, CT) with |W |1 < oo and taking on
values only in the orthocomplement to constant functions

(5.1) (LY, W) =) exp((zl +ibeV](@N x)e) @V )W ).

where the sum is over branches of 7~" on the interval containing x. We can write these
branches in a special form. They are given precisely by sequences

O‘N = 8i18iz---8in>
where the g;; form an admissible sequence. If in the general Schottky semigroup setting, we

also require that if x € [; for 1 <i < 2k’,theniy # i + k' mod 2k’, recalling the notation of
Section 2.1.
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It will be convenient to make the parametrization
N=M+R, MR>O0.

‘We then write

where

(5.2) ocM:g,-l...gl-M, aR:giM+l...giN,

and view these as globally defined maps on 7. Then o’V is uniquely parameterized by the

two sequences appearing in (5.2). When we write «™ and o®, henceforth we always mean
compositions of these forms. Notice that the choice of a® is restricted depending on x and o™
is restricted depending on gj,, . .

For each of the intervals /; we pick a point xo(i) € I;. For each a™ we pick ig = ig(a™)
such that a™ gives a well-defined branch on I;,. Then

D
d(@" x.aMxo(io)) = d(@™ (@Rx), ™ xo(ip)) < —; diam(I)
Y
by the eventually expanding property of 7'. Then
. D
W (N x) — W™ xo (i)l < Jar diam(D[ Wi

It follows then that

(LY, W](x) = ZZ exp([zy’ + ibe™ @V x))e (@™ x)W(a™ xo(i0))

10 (n Wl =7 diam(1) 3 exp(rs (aNx))),

alN

where the star on summation means that we restrict to those a® with necessary restriction on
giy coming from x and g;,,, , coming from a™ . Note that ig depends on o™ . We will assume
that Dy~M is small, say < 1/(100diam(/)) and note that the sum in the error term is

D exp(rl (@M x) = LY [1](x) = 1(x) = 1

alN

as the operator has been normalized. So then

5.3) LY, WIx) = ZZ exp([z)) + ibeV]( @V x))el (@ x)W (M xo(io))

aM R

+ O(|Wlcry™).

This is an important estimate as it allows us access the expansion properties coming
from ¢4 by decoupling M and N.

Recall that ¢, was obtained by reducing the matrices g; modulo g to obtain a locally
constant mapping ¢, : I — I'y. This mapping can be reinterpreted as a unitary-valued map
cg: 1 —=U (CT4) via the right regular representation of Iy.
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For any specified o™ as in (5.2) and x € I we construct the complex-valued measure
on Iy,

k
(5.4) sxart = ) exp((zy + it @Ma®x)S, kgrr)-1,
OlR

where 8 gives mass one to g € I'y. We note for the reader’s convenience that one can calculate
from the definition in the Dictionary of Table 1, Section 3,

c;(aRx) = 8in&in—1---8ir41 MOd g, Céw(O‘MxO(iO)) = 8ip 8ing—1 - -~ &y mod g.
For any f € C!(I; CT7) and o™ as in (5.2) we construct a complex-valued measure
PfaM by

Opam = Y F@Mx0(0) g8y @M xoi0))-1+
gely

where ¢, is thought of as I'y-valued and f (@M x¢(ip)) thought of as a C-valued function on Iy,
with |¢ standing for evaluation at g. Also recall ip = i («™). Then

%
[opam s car] = ) > expleg +ibtV (@M ax)) f@Mxolio))ls
gEFq (xR
X g e (@M xo(io)~1 * Ol (@Rx)~1
*
= Y > exp(lry +ibtV @™ a®x)) £ (@M x0(i0)) g8y e (o1 )1
gGFq ogR
This means that, now viewed as a function on SL»(Z/gZ),
%
[Dram * tsxam] = Y exp(zy +ibr™ @V x)ed @M afx) f(a™ xo(i0)).
aR

The reader should compare this with (5.3).

5.2. Bounds for pg . om. We need a bound for || o1 to use the result of the
Appendix. Firstly we write

* N/ N
|/Ls,x,aM| S Z eXp(‘L’a (a x))Scée(aRx)'
OtR
Notice that
rév (@MaRx) = ré”(onosz) + ff(osz).
Then

*k
litsxor t < Y exp(r (@M aRx)) exp( R (@R x)).
aR

We now decouple: let a§ be any arbitrary choice of a® (a sequence of the g; that is
compatible with «™ and x). Then
M—1
ré”(aMaRx) - r‘f’l (aMoz(Ifx) = Z o (TN x) — ra(T”océVx)
n=0

and noting that 7"a™ R x and T”ocMozéax are within

M diam(7)
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of one another, we have

M—
(5.5) ré” (@MaRx) < r,ﬁw (ona(Ifx) + D.diam([1) sup |[t4] ()] Z
yel

= Téw(OlMOé(Ifx) +k1(D,y. 1,7, a9)

—_

1
yM—n

n=0

for |a — §| < ag (as 14 is roughly constant in a close to §). Therefore

*
It x0n 11 < expler + 77 (@Mafx)) Y exp(rf (@R x))
aR

< explir + 7" (@M x)[LE)(x) = explicr + 73" (@M o x))

by the normalization of L,. We record this bound in the following.

Lemma 32. Given ag small enough, there is k1 = k1(ag) such that for all x and o™,

M, M _R
”/’Ls,x,aM ”1 < exp(k1 + Ta (o o X))

for |a — 8| < ag. Here Ol§ is any admissible choice of a® as in (5.2) compatible with a™

and x.

We are now in a position to use the main result of the Appendix, which for the conve-
nience of the reader we also state here.

Theorem 33 (Bourgain—Kontorovich—-Magee, Appendix). There is a finite modulus Qg
and ¢ > 0 such that when R ~ cloggq, (q. Qo) =1, |a — 8| < ap and ¢ € E4, we have

o * s v o 2 < Cg7V*Blg]l2,

given that
il < B.

Using Lemma 32, Theorem 33 now implies that when R ~ ¢ loggq for suitable ¢ and
|a — 68| < ag, for any ¢ € E; we have

1

(5.6) lg * 1ty cqm |2 < Cqg™ V¥ explicr + tM (@M afx))llgll2-

Then if we use (5.3) we obtain

LY W12,y < Y Mowam * iy xamllize, + OUWlcry™)

aM

< Cq VM exp(ir) Y exp(z) @M af ) lowem li2r,)

aM

+O0(IWllciy™).

We have now chosen some (x(lf and we are assuming the previous conditions on |a — 8| < ag.
Since trivially

lew,anm li2r,y < W oo
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we can continue to bound || [La]q W1(x)|| up to O(|W || c1y~™) by

Cq " exp(k) | W loo Y _ exp(zd! (@M e x))

aM
< Cq™* exp(e) | W oo LY 1(TM &M a8 x)
= Cq Y *exp(c1) | W [l oo-

We have now proved, by choosing N > k19 log g so that there is room for the requisite
R and big enough M the following lemma.

Lemma 34. Let (¢, Qo) = 1. There are ag, qo,k10.€ > 0 and y' > 1 such that when
la — 8| < ag, we have

- -N
ILY Wloo <a W oo + ¥ " IW e

when N > k19logq, g > qo, and W € E4 with [|[W | o1 < oo.

5.3. Bounds for Lipschitz norms. In order to iterate Lemma 34 (this is our aim) we
also need bounds for
1LY W llc

under the same conditions as in Lemma 34. This amounts to estimating

sup Iy, wy

and so we can proceed along similar lines as before. Indeed one calculates from (5.1) that

(LY, WY () =) ([ +ibtVoa™) (x) exp([zy + ibe™ @V x))c) (@™ x)W(aN x)

alN

+ Zexp([r(ﬁv + ith](OtNx))cév @™ xX)[W oo™ (x)

using that cév is locally constant. The second set of terms are bounded by

D
¥ Y exp(ry (@M X)W e

aN
which can be bounded by
D D
-~ cilq =N cl-
FIWlei LY 1) = — W]
14 4
So we have
N / D
(5.7 Lo Wl (x) =2+ 0 V—NHW”CI ;
where

Y= Z([‘L’év + ibrN] oo™ (x) exp([rév + ibe](aNx))cév(aNx)W(aNx).
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We can go through the same decoupling argument as before to get

= ([r +ibtN oo™y (x)exp([ry + ibr¥](@"V x)c) (@ )W (@M xo(io))

n 0(||W||cl S diam(1) YO I0e2 + ibeV] o oy () ex(sl (aNx»),

alN

recallingip =i O(aM ). Note that since there are constants C; and a¢ such that when |a—§| < ag
we have

[ 0V (x) <

for x € I (see for example [14, p. 138]), we have

| S

T =K1l

<

N—-1
(5.8) [z +ibe™ o a™](x)] < C1 + |blsup|t'] D
1 i=0
for some k11 = k11(ao, bo) when |b| < by. Therefore we have the decoupled equation
2= ([t +ibtNoa™) (x)exp([ry + ibr™ (@™ x)c) @V x)W(aM xo(io))
OlN

+ Op (Wl cry™)

valid when |b| < by and |a — §| < ao for some fixed ag. We denote the first of these two terms
by ¥’. Now similarly to before we define complex-valued measures

*
Poan = ) (2 +ibt™oa™a®y (yexp((zg’ +ibV (@™ a®x))8 p R0
aR

Oram = Y F@™x0(0))]g8ge2 @M ro(ig) -1
gely

for f € C1(I;T%), ™ as in (5.2). Then the key observation is that

I = D ewanm * 14, ¢ om .
Y 12(Ty)
’
5.4. Bounds for By gaM® We have

*
1145 e 1 < sup ea +ibtN o a™a®y ()] ) exp(zy’ (@M aRx)).
otR

By (5.8), ,u; . oM 1s dominated (in absolute value) by k11(bo)ig xqm When |b| < bo. Thus
we can use our previous bound (5.6) to deduce that for the same choice of R = clogg and a
as before,

I < Cq™*exple)kin[Wlloo Y exp(z) (@M afx))

aM

< Cq V*exp(c)ici1 | W oo LY [1] (@& x)

< Cq Y4 exp(icr)ici | Wl oo
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whenever |a—6§| < ag, |b| < by are the ranges specified by previous lemmas and N > x5 logg.
It now follows from (5.7) that with these conditions on N, ¢, @, b we have in light of Lemma 34
and the prior bound (5.7)

(5.9) ILY Wler < k13g € IW oo + k1ay N IWler + ¥ N IW i

for some € > 0 when W € Ey.
By iterating the estimate (5.9) one obtains:

Lemma 35. Forbg > 0 given, there are ay, qo, k and € > 0 such that when |a—§| < ay,
|b| < bo and N = [k logq] with q > qo and (q, Qo) = 1 we have

ILEG Wller < g7
forall Eg-valued W € CY(I:Ca) with |W|c1 = 1.

5.5. The new subspace structure and the proof of Part (1) of Theorem 4. We note
first the following consequence of Lemma 35.

Lemma 36. Forall by > 0 thereare 0 < p < 1, ag, go and C such that when |a—38| < ay,
|b| < bg and qo < q, (g, Qo) = 1, we have for all m > 0,

1LY, fler < Cq€p™ 1 fller when f € Eq.

This is an easy exercise and the reader can get the details from [15, proof of Theorem 4.3].

Recall the new subspace structure of I'y. For any ¢’|¢ there is a projection I'y — T'y.
The kernel of this projection will be denoted I'y(¢”), the congruence subgroup of level ¢’ in
I'y. These have the property that if ¢”|¢’ then T'y(¢") < T'y(¢”). This groups give an orthogonal
decomposition of the right regular representation

(5.10) cl«=pE].
q’'lq
where E q, consists of functions invariant under I';(g’) but not invariant under I'y(¢”) for
any ¢’ such that ¢”|q’, ¢” # q'. Then the E4 from before matches E{ as defined here.
The decomposition (5.10) gives rise to a corresponding direct sum decomposition

cla:.cly=c'he @ C'U:E)).
1#4q’lq
It is clear that the subspaces EZ, are invariant under the transfer operator L, and taking
derivatives.
Note that if f € Eq,, then f descends to a well-defined function F on Iy /Tq(q") =Ty
which is not 1nvar1ant under any congruence subgroup of I'y/, hence in E, 7 . Also, if G is a

function in EY,, then G lifts through the previous isomorphism to a function g in E 9 for
any ¢’ such that ¢’|q. This gives rise to a map of Banach spaces

®yq : C'(I:EL) — CH(I;EL)
for any ¢’|q with the property that

19g.q'(Hlct = /ITg@Il fllcr-
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This map is equivariant under the transfer operators in the sense that

Dq, q/[Ls q’f] = Ls,qPq, q’[f]

for any f € E " n other words, the action of Ls 4 on a summand in (5.10) is determined
by the action of the corresponding transfer operator on E 7 for some q'|lqg. We decompose
feCl(I;Cl)as
f=hn+ Z fa
1#4'lq
with fy/ € E . If we assume that ¢ has no proper divisors < go from Lemma 36, then for
any m, with all norms C ! norms,

1LY, f =L A< D LY, fa

q0<q’lq
> VHEL@)ILT @k fy
q0<q’lq
<C Y \HU@@C "D, Sl
q0<q’lq
<Cq%p™ Y syl
1#4’|q

This bound can be changed to

L™, f =L fill < C'qC ™1 f ]

for some C’ = C'(T, by) by noting that individually
(FZa=val

and that any number g has <¢ g€ divisors for any € > 0. The analogous estimates hold for the
unnormalized £ 4 (by perturbation theory and (4.1)). That is, by possibly adjusting constants
slightly and decreasing ag,

LS, f = L fill = C'qC p™ 1 .

In particular, part (1) of Theorem 4 now follows from the special case that f; = 0 so that
fecl;clv o).

A. Thermodynamic expansion to arbitrary moduli

By Jean Bourgain at Princeton, Alex Kontorovich at New Brunswick
and Michael Magee at New Haven

A.1. Statements. We import all the notation from the rest of the paper. We are led to
study the measure . on G = SL,(g) given by

* N | -3 NioM,R
(A.1) n= Z exp([ry’ + bt (@™ " x))8 R Ry

aR
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this differs from the ; . oa of equation (5.4) by taking inverses of group elements. This makes
spectral bounds for the right action of g , o and those for the left action of  equivalent.
Here N =M + R, x €I,

aM = 8i18ir - 8im

is fixed, and the starred summation means that it is restricted to those

R _ . . .
O = 8ing118irg42 - 8in

where the sequence g, . ..., giy is admissible and a® is a well-defined local branch of 7R
near x. In practice this may rule out one possible value for i 7. See Section 5.1 for more details.
Also recall the “new subspace” E; C [?(G) defined in Section 5.1 and the constant ag coming
from Proposition 28.

Our goal in this Appendix is to prove the following:

Theorem A.1. There are a finite modulus Qo and a constant ¢ > 0 such that when
R ~ clogq, (9. Qo) =1, |a — 8| < ag and ¢ € E4, we have
(A2) i * @ll2 < Cqa~*Bllg]a,

given that
el < B.

Recall that in Section 5.1 we chose for each ™ an iy = ig(a™) such that a™ is a well-
defined local branch of T=™ on I;,. We also chose for each i an x(i) in /;. More generally,
for each admissible composition « = g;, ... g;, of semigroup elements we now choose an
i(a) such that « is a well-defined branch of 77/ on [;(,). This choice depends only on i;.
Let o = x(i (@®)).

To begin, we define a measure v by

(A.3) v = exp(r)! (@M x(i0))p1,

where [t is the measure given by

k
=Y exp(el @R0)S g ny):

aR
Lemma A.2. We have
(A4) lul = Cv.
Proof. Use the “contraction property” in inequality (5.5) and argue as in the proof of
Lemma 32. O
We will now manipulate pt;. We assume that R can be decomposed further as
(A.5) R=R'L,

with L to be chosen later (a sufficiently large constant independent of R’ and ¢). Now split o ®

as

(XR = Olllé/olé/_l . a%af,
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where the oz,]; are branches of 7L given by

L _ . . L — o .
ORr = 8iprg1 -+ 8i+r YR—1 = 8ivtr+1 - 8im4oL
and so on. Foreach 0 < p < R’ — 1 we also split

alLe/_ = ozR/ a%,) »
where ozILe/__z = Givriprs1 - 8im anda(z) =g . &8i . The rea-
p P +(p+1HL-2 -p M4+ L—18IM+(p+1)L
son for isolating two indices will become clear later.
Write out
R—1
(A.6) rf(aRo) = Z ra(TiaRo)
i=0
R'—1L—-1
_ Z Z Ta(TiL—f-ZaRO)
i=0 £=0
R'—1L—-1
= Z Z‘L’ (THEHQE, ok . . aFo)
i=0 {=0
R—1
= Z T (@ Ry -1 (0)).
i=0
We now perform decoupling term by term in the above. We will use the shorthand
ald —(xJL JL ak.

For j > 2, we compare each term in (A.6) of the form
5 @ (0)
to
L(ozLozL_lzx(i(a]L__lz))).

This gives

AT g @(0) = 17 (@ ey P (i (@)

+ O (sup |[cf o Py |d(aF2x (i (@b 2)) ef e, . albo))
= 14 (af of (i) )))+0<y—“ 2>)

where we used the bound (4.3) of Propos1t10n 28, valid when « is within ag of §.
We will also use the formula

(A.8) 80§(ocRo) = SCqL(aLO) * SCqL(azLo) * SCqL(a3L0) %ok (chL(aR/LO).

Then combining (A.6) and (A.8), we write

(A.9) w1 = E E exp(z, (« 0)))86§(a1¢o)
a{‘,azL_z,...,aR/_ txg), L g,)
R/
* * .
L L
= > > eXP(E 7o (o (0)))
afes 2 o e J=1

x 804‘(0%0) * SCé(azLo) * 8c§(a3L0) koo ok SCé(aR’Lo)‘
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Starred summation means that the outer sum is restricted to be compatible with «™ and x,

and given the collection of a,ﬁ“_z from the outer sum, we then restrict to those oz](cz) that form

admissible compositions overall. We now decouple, replacing each term of the form
efaL(O‘jL(O)) . eraL(ajLoth__lzx(i(och__z))) = '3/.

with j > 2, at a cost of a multiplicative factor of exp(cy~L); here ¢ is proportional to the

implied constant of (A.7). When j = 1, no replacement is performed, and we set

B = er[f‘(oell‘o).

Inserting this into (A.9) gives

* * /
A10) < Y Y BideLiare) * expley R

alsz,aszz,...,aéfz otiz)

* R

X ( Z HﬂjSCz]f(azLO) *Sc,f(oﬁLo) *"'*805(051{/’“0))'
ot(zz),...,ag,) J=2
Note that, although B, depends on all of the indices in oszajL__lz, because osz_z and osz__lz are
()

fixed in the outermost sum, we can and will treat B; as a function of « e
We claim that each term ch (a/L0) also only depends on one oej(.z). This is because

we have

o/l = gk, ...gkLa(j_l)L

for some choice of gg,,, and hence for whatever o is chosen, we have

(j—l)Lo) )

cE@™0) = cq(gr, U 0)cq(gr, 8k - cq(gk, .- gk, @YV E0),

see the Dictionary of Table 1, Section 3. From the definition of ¢, we have
¢q(8k,,0") = &k, mod ¢
for any o’ € I, where gi, is a local inverse branch of 7' near o’. Thus
(A.11) ch(oszo) = gk, --- &k, mod q.
Here
(A.12) Sk 8k, = .

This means we may distribute the convolution and product over the sum, writing (A.10) as

’_ * *
(A.13) 1 < exp(cy H)R -1 > (Z 51%(&0))
L—2

DtlL_2,Ol2L_2,...,OtR, a{Z)
* *
| D Bbrerroy ) x ok ( D0 PRt @ris )-
2 2
a? a2

We give each convolved term in (A.13) a name, defining, for each j > 1, the measure

(aL—2,gL—2

0 ) *
nj/ J—1 = Z IB./chL(ajLo)‘

2
&)

(A.14) n; =
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Note thls parameterlzatlon makes sense since the admissibility of oc( ) depends only on ajL 2

and a 2. We have thus proved the following:

Proposition A.3. We have

, *
(A.15) p1 < exp(cy L)R-1 Z N1 % M2 %% NR.

L—2 -2 L—2
al ,(XZ EN ’aR/

Next we observe that each of the measures 7; is nearly flat, in that their coefficients
in (A.14) differ by constants:

Lemma A4. There is some ¢’ > 0 such that for any L > 0, for each j > 1 and any

@
B

_<C
J

a]( ) and o, we have

Proof. The first L — 2 terms of 8; and f8 ]’ agree, so we again use the “contraction prop-
erty” from (5.5). O

Since the measures 7; are nearly flat, we may now apply the expansion result in [6].

Theorem A.5. Assume that L is sufficiently large (depending only on I'). Then for
¢ e L2 0(G), we have

(A.16) Im; *ell2 < (1 —=C)lnjlllel-.

Here C1 > 0 depends on I but not on q.

Proof of Theorem A.5. Recalling (A.14), we can write

(A.17) In; * ¢l3 = (Ag. ).

where A acts by convolution with the measure

*
A= Z :BJ ﬂ]/'(sch(ajLo)cé((Ole)/o)_l .
a@ 4@’
] 2 J

Using the notation of (A.11) and (A.12), note that

. . _ 2 2 / —
ck@moyct @™ot =a® g, g @ gy gr) !
= P (@?)1,

We will now appeal to the following spectral gap modulo ¢ for the group generated by
the coefficients a(z) (a(z) )~ L.

Proposition A.6 (Spectral gap). There are some modulus Qo and some € > 0 such
that for all indices ] for all g coprime to Qo and for all ¢ € EZ(G) with ||¢p|l2 = 1 there is

some pair Olj(z) 1(2) such that

/. _
(A.18) le® @) % g —gll2 > e
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The statement of Proposition A.6 is well known to be equivalent to other uniform spec-
tral gap properties. The uniform spectral gap is known to exist in the current setting for the
following reasons.

Continued fractions setting. Here we need the products a}(z) (ozj(-z)/)_1 to generate
a group with Zariski closure SL,. Since all sequences of g;, are admissible, the oej(.z) appearing
in (A.14) do not depend on j. Recall that in the continued fractions settings, each g; is already
a product of two generators (9 1)(9 ;). It is easy to see then that the aj(.z generate a Zariski
dense subgroup whenever the alphabet 4 of "4 has at least two letters, in fact, it would have
been enough to take for the a®@ blocks of length 1. On the other hand, we do need suffi-
ciently many of the (9 !) to be involved as the products (9 })(9 ll,)_1 =(,1, %) are lower-
triangular. Proposition A.6 then follows from the expansion result of Bourgain and Varju [6].
In the cases that the aj(.z) (oz](.z)/)_1 generate all of SL,(Z), Proposition A.6 is a well-known

consequence of Selberg’s “3/16 Theorem” from [18].

Schottky semigroup/group setting. Note that this setting contains the case that [" is a
Schottky group as in [4]. Again, it will be enough to show that the ozj(.z) (Olj(z),)_l generate a
Zariski dense subgroup of SL,(Z). This is the reason why we needed to make aj(-z a block of
length 2. Indeed, suppose that the Schottky semigroup is generated by at least two Schottky
generators and let g, i be two of these generators. For example, if osz ~2 ends in g while aL_lz

i
starts with g~ 1, then the summation in (A.14) contains aj(g) of the form

gh.gh™  hg Y hh b~ tg™  n~th L

It is then easy to see that the ozj(-z) (ocj(-z) /)_1 generate a Zariski dense group (if I has more
than two generators, this is also clear). We may then apply the Bourgain—Varji expansion
result [6] to obtain a spectral gap for the group generated by ozj(z) (ocj(.z),)_l. Now, this group and
its generator set (and hence also its expansion constant € as in (A.18)) depend on oeJL_z and
osz__l2 (or rather just their starting/ending letters). But as I' is finitely generated, only a finite
number of groups/generators arise in this way, and we simply take ¢ to be the worst one,
yielding Proposition A.6.

We now resume our proof of Theorem A.5. To this end, assume without loss of generality
that ||¢]l2 = 1 and let aj(.z), aj(.z)/ be the pair provided by Proposition A.6 applied to ¢, and € the
provided constant. Since there is a uniform bound on the size of the support of A, Lemma A.4

gives
(A.19) BiB; > Al

with an uniform positive implied constant (here ;8 ; is the coefficient of oz](.z) (011(-2)/)_1 in A).
It follows by routine arguments from (A.19) together with (A.18) for ¢, with the associated ¢,
that the operator norm of 4 acting on E%(G) is ||Z||0p < (1—¢€")|A|; for some € depending
on €. The resulting bound on (A.17) establishes Theorem A.5, since || A|l1 = ||n; 3. m

Corollary 37. Assume that L is sufficiently large (depending only on I"). Then there is
some Cy > 0 also depending only on I" so that, for any ¢ € L%(G), we have

(A.20) It % ol < (1= C)R a1 ¢l
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Proof. Beginning with (A.15), apply (A.16) R’ times to get

R/
_ /_ * ’
i1 % lla < expley ™R > @ =co® [T lnslh el

alL_l,...,aL_l Jj=1

Applying contraction yet again gives

R/
* _ /_
Yoo T < expler ™% il

alL_l ..... a}Le,_l Jj=1
whence (A.20) follows on taking L large enough and recalling (A.5). o

Returning to the measure v in (A.3), we have from (A.20) that

(A21) v gl2 < (1—=C)R|vll1llg]l2.

To conclude Theorem A.1, we need the following:

Lemma A.7. Let u be a complex distribution on the group G = SL,(q) and assume
that || < Cv. Let E; C L%(G) be the subspace defined in Section 5.1, and let A : E; — Ey
be the operator acting by convolution with . Then

~ 291/4
q

Herei(g) = n(g™").

Proof. Note that the operator A*A is self-adjoint, positive, and acts by convolution
with 7T % p. Let A be an eigenvalue of A*A. Since A acts on Ey, Frobenius gives that A has
multiplicity mult(1) at least C g. We then have that

Amult(A) < w[(A*4)%] = Y ((A*A)*85.85) = D 7% o # 8g 3
geG g€G
= |G|z * ul5 < CHG||V * v]3.
The claim follows, as || A|| = max; A1/2. o
We apply the lemma to p in (A.1) using (A.4), giving
(A22) I * glla < Cq V27 vy,

It remains to estimate the v convolution.

Proposition A.8. Choosing R to be of size C log q for suitable C, we have that

~ Vi1
(A.23) Vvl <2—F-.
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Proof. Let

1
Y =6 — ﬁlG € L%(G),

and note that ||y |2 < 1. Then

~ ~ ~ 1 ~
Vw2 = [V v*dell < [V * (mlG)HZ + Vv

2
_ vl
- |G|1/2

+ vl v * ¥z,

where we used the triangle inequality and Cauchy—Schwarz. Since ¢ € L%(G), we apply
inequality (A.21), giving

R vl
vyl < (=GRl < o
by a suitable choice of R = C logq. The claim follows immediately. O

Finally, we give a proof of Theorem A.1.

Proof of Theorem A.1. TInsert (A.23) into (A.22) and use (A.4) and |G| > Cg3. Clearly
(A.2) holds with B = C||v|;. O
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